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Abstract5

Aim During the past decade ecologists have attempted to estimate the parameters of species6

distribution models by combining species presence locations observed in opportunistic sur-7

veys with spatially referenced covariates of occurrence. Several statistical models have been8

proposed for the analysis of presence-only data, but these models have largely ignored the ef-9

fects of imperfect detection and survey bias. In this paper I describe a model-based approach10

for the analysis of presence-only data that accounts for errors in detection of individuals and11

for biased selection of survey locations.12

Innovation I develop a hierarchical, statistical model that allows presence-only data to be13

analyzed in conjunction with data acquired independently in planned surveys. One com-14

ponent of the model specifies the spatial distribution of individuals within a bounded, ge-15

ographic region as a realization of a spatial point process. A second component of the16

model specifies two kinds of observations, the detections of individuals encountered during17

opportunistic surveys and the detections of individuals encountered during planned surveys.18

Main conclusions Using mathematical proof and simulation-based comparisons, I demon-19

strate that biases induced by errors in detection or biased selection of survey locations can20

be reduced or eliminated by using the hierarchical model to analyze presence-only data in21

conjunction with counts observed in planned surveys. I show that a relatively small amount22

of high-quality data (from planned surveys) can be used to leverage the information in23

presence-only observations, which usually have broad spatial coverage but may not be in-24

formative of both occurrence and detectability of individuals. Because a variety of sampling25
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protocols can be used in planned surveys, this approach to the analysis of presence-only data1

is widely applicable. In addition, since the point-process model is formulated at the level of2

an individual, it can be extended to account for biological interactions between individuals3

and temporal changes in their spatial distributions.4
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Introduction11

Species distribution models (SDMs) are used to predict the spatial distribution of a12

species, often as a function of spatially varying covariates. SDMs have a variety of uses13

(Elith and Leathwick, 2009), but predicting the occurrence of a species within its potential14

geographic range is perhaps the most common (Scott et al., 2002). These predictions are15

particularly relevant in conservation or management problems that require assessments of the16

effects of environmental modifications on a species’ geographic distribution (Cabeza et al.,17

2004).18

During the past decade ecologists have attempted to estimate the parameters of a SDM19

using only locations where a species is observed. These so-called presence-only observations20

are often made during opportunistic surveys and are recorded in museum collections or online21

databases. To fit a SDM, the presence-only observations are supplemented with measures22

of potential covariates of species occurrence stored in geographical information systems or23

other geographical databases. These covariate measurements are generally available at a24

grid of locations that spans the study area.25
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Analyses of presence-only data, which include the presence locations and the spatially1

referenced covariate measurements, are motivated, in part, by the difficulty and expense of2

conducting planned surveys of natural populations. As the region of interest grows in size3

and spatial complexity, so does the number of surveys required to predict species occurrence4

accurately. Because presence-only data usually have broad spatial coverage, they provide5

attractive sources of information for SDMs.6

A variety of statistical models have been used to analyze presence-only data (Elith et al.,7

2006). Many of these models are strictly appropriate for the analysis of data observed8

in planned surveys, where presence or absence of individuals is observable at each survey9

location. The predictive accuracy of these models generally suffers when individuals are10

present at locations that have not been surveyed, as with presence-only data. In this case11

alternative models that allow for presence of individuals at unsurveyed locations are generally12

more accurate in predicting the spatial distribution of species occurrences. These models13

include Maxent (Phillips et al., 2006; Elith et al., 2010), models of case-augmented binary14

outcomes (Lee et al., 2006; Lele and Keim, 2006), and models of spatial point patterns15

(Warton and Shepherd, 2010).16

In the latter class of models, presence-only locations are modeled as a realization of17

a spatial point process – specifically, a Poisson process wherein the first-order intensity18

function specifies a SDM. This approach offers several advantages to analyses of presence-19

only data. First, the parameters of a point-process model are invariant to spatial scale,20

so the model can be used to predict the abundance or occurrence of individuals for any21

subregion located within the region of interest. In contrast, the parameters of other models22

(Maxent and case-augmented binary regression) vary with the spatial resolution of the data.23

Technical equivalences have recently been established between the parameters of Poisson24

process models and those of Maxent models (Fithian and Hastie, 2013; Renner and Warton,25

2013) and case-augmented binary regression models (Dorazio, 2012). Specifically, as the26

spatial resolution of the data is increased, the scale-dependent parameters of the latter two27
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models converge to those of Poisson process models; therefore, it can be argued that spatial1

point-process models provide a conceptual unification for classes of models whose parameters2

are not invariant to spatial scale.3

One limitation of the point-process model of Warton and Shepherd (2010) is that it4

fails to account for the effects of errors in detection of individuals. This limitation is im-5

portant because nearly all surveys of natural populations, including opportunistic surveys6

that produce presence-only observations, are prone to detection errors (Yoccoz et al., 2001;7

Chen et al., 2013). In addition, Dorazio (2012) proved that failure to account for imperfect8

detectability in models of presence-only data induces bias in estimates of SDMs when the9

covariates of abundance are not distinct and stochastically independent of the covariates of10

detectability (also see Lahoz-Monfort et al. (2014)). Bias in estimates of SDMs can also11

occur if the presence-only locations are unrepresentative of the region of interest (Phillips12

et al., 2009; Yackulic et al., 2013). For example, this source of bias might be produced if13

survey locations are selected based on their accessibility or convenience. To alleviate these14

biases, Chakraborty et al. (2011) and Fithian and Hastie (2013) proposed models based on a15

location-dependent thinning of a Poisson process; however, the parameters of these models16

are not identifiable unless the covariates of abundance are distinct and linearly independent17

of the covariates of detectability.18

In this paper I propose a hierarchical, statistical model that allows presence-only data to19

be analyzed in conjunction with data acquired independently in planned surveys. Previously,20

such data have been used only to validate the predictions of SDMs fitted to presence-only21

data (Newbold et al., 2010; Peterman et al., 2011; Gormley et al., 2013). Here I show that22

jointly modeling both kinds of data allows the parameters of a SDM to be estimated while23

accounting for the effects of imperfect detection and survey bias. In the model’s hierarchy24

one component specifies the SDM as a spatial point process and a second component, which25

is conditional on the first, specifies two kinds of observations: presence-only locations in26

opportunistic surveys and location-specific counts in planned surveys. I establish a set of27
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restrictive conditions under which the parameters of a SDM can be estimated from presence-1

only data alone; however, I also show that these conditions may safely be ignored when the2

counts observed in planned surveys are analyzed in conjunction with the presence-only data.3

I show that this approach is widely applicable owing to the variety of sampling protocols –4

including site-occupany sampling – that can be used to conduct planned surveys.5

Modeling the Spatial Distribution of a Species and its6

Detection in Opportunistic and Planned Surveys7

In this section I describe a hierarchical model composed of two components. One compo-8

nent specifies the spatial distribution of individuals within a bounded, geographic region that9

is relevant in the context of some scientific or management-related problem. This component10

is the true, but unknown, SDM and specifies how the limiting, expected density of individ-11

uals – which will be given a mathematically precise definition – varies geographically as a12

function of one or more spatially varying covariates (such as measures of habitat quality).13

The second component specifies models for two kinds of observations: (1) detections of14

individuals encountered during opportunistic surveys (i.e., presence-only observations) and15

(2) detections of individuals encountered during planned surveys of locations selected using16

a prescribed sampling design. These observations depend on several factors, such as the area17

of the surveyed locations, the number of individuals present at these locations, the effects18

of spatially varying covariates on an observer’s detection ability, and heterogenity among19

observers in detection skills. In the following sections I describe both components of the20

hierarchical model.21

Spatial point-process model of individual locations22

I assume that the spatial distribution of individuals – or, more correctly, of the activity23

centers of mobile individuals – may be modeled using a Poisson point process. This model24
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has been used in the analysis of spatial capture-recapture data (Efford, 2004; Borchers and1

Efford, 2008; Dorazio, 2013) and in the analysis of presence-only locations (Warton and2

Shepherd, 2010). The latter analysis was intended as a SDM, but it did not consider the3

ramifications of detection errors or sources of survey bias. The hierarchical model proposed4

here is intended to correct this deficiency.5

To formulate the SDM, I consider individuals that reside within a bounded, geographic6

region B ⊂ R2, where R2 denotes the real plane. The choice of B is often driven by issues7

related to science, management, or conservation of a species. I assume that the activity8

centers of these individuals are a realization of a Poisson point process parameterized by a9

first-order intensity function λ(s), where s denotes a location (point) in B. In the context10

of SDMs, λ(s) denotes the limiting, expected density of individuals (number of individuals11

per unit area) at location s. That is, for a small region ds of area A(ds) centered at s,12

λ(s) = lim
A(ds)→0

E{N(ds)}/A(ds)

for the Poisson point process N (Cressie and Wikle, 2011). The total number N(B) of indi-13

viduals in the region is a Poisson random variable that depends on the mean intensity of the14

process over B, µ(B) =
∫
B
λ(s) ds. In other words, N(B) ∼ Poisson(µ(B)). Furthermore, if15

B is partitioned into a set of disjoint (nonoverlapping) subregions, say C1 ∪· · ·∪ CK = B, the16

number of individuals in each subregion also is a Poisson random variable. In other words,17

N(Ck) ∼ Poisson(µ(Ck)), where µ(Ck) =
∫
Ck
λ(s) ds (Møller and Waagepetersen, 2004; Il-18

lian et al., 2008). The number of individuals present in one subregion is also independent of19

the number in another subregion, a property that will be exploited in other components of20

the hierarchical model.21

To specify a SDM, λ(s) is formulated as a log-linear function of unknown parameters22

β and location-specific regressors x(s) as follows: log{λ(s)} = β′x(s). (The prime symbol23

indicates the transpose of a matrix or vector.) The regressors x(s) may be computed from24
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covariates measured at a grid of locations that span B (e.g., measures of habitat quality).1

Therefore, accurate estimates of β may be used to predict the abundance or occurrence of2

individuals for any location or any subregion within B.3

Let n denote the unknown total number of individuals in region B. I have established4

that5

Pr(N(B) = n) = exp{−µ(B)}{µ(B)}n/n! (1)

Let Si ∈ B denote a random variable for the activity center of the ith individual residing6

in region B (i = 1, . . . , n). Conditional on n, the joint probability density of the n activity7

centers is8

f(s1, s2, . . . , sn|n) =
n∏

i=1

λ(si)/µ(B) (2)

(Møller and Waagepetersen, 2004; Illian et al., 2008). If n and {si} were observable, their

joint density,

g(s1, s2, . . . , sn, n) =
exp{−µ(B)}

n!

n∏
i=1

λ(si),

(obtained by combining (1) and (2)) could be used as a likelihood function for estimating β9

(Warton and Shepherd, 2010). However, only some of the n individuals are actually observed10

owing to errors in detection and survey biases. The second component of the hierarchical11

model (described in the following two sections) allows β to be estimated while accounting12

for unobserved individuals.13

Detections of individuals in opportunistic surveys14

To model the detections of individuals encountered during opportunistic surveys, I make15

several assumptions. First, I assume that each individual is detected independently by16

an observer with probability p(s) that depends only on the location s of an individual.17

Therefore, p(s) includes both an observer’s detection ability and choice of survey location.18

For example, p(s) will be zero if an observer does not survey individuals at location s19
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because the location is inaccessible. I assume also that the presence of other individuals1

encountered during an opportunistic survey has no effect on an observer’s detection rate.2

Instead, the probability of detecting an individual located at s is assumed to be a logit-3

linear function of unknown parameters α and location-specific regressors w(s) as follows:4

logit{p(s)} = α′w(s). The regressors w(s) are assumed to be computable at all locations in5

B and may include features thought to influence an observer’s detection ability or choice of6

survey location. For example, distance to nearest road could be included in w(s) if observers7

were known to have chosen survey locations based on their proximity to roads.8

Although the identity of each observer potentially could be used as a regressor of p(s),9

especially in cases with few observers, most presence-only data include many observers and10

their identities are not always available. Therefore, I make the simplifying assumption that11

α contains a single intercept parameter. Although differences in p(s) may exist due to12

differing abilities of observers, I assume here that these differences are small in comparison13

to the effects of spatially varying covariates on an observer’s detection ability and choice of14

survey location.15

A final assumption concerns the effects of movements of individuals around their activity16

centers. Unlike spatial capture-recapture data, presence-only data contain only a single17

observation (and location) for each individual. This leaves no information to estimate the18

magnitude of individual movements; therefore, I assume that individuals are detected at19

their activity centers, recognizing that this assumption is likely to be violated if individuals20

are highly mobile or possess large territories (that is, large relative to the size of region B).21

Given these assumptions, the detections of individuals in opportunistic surveys may be22

modeled as a location-dependent thinning of the Poisson point process described earlier. Let23

Y denote a binary random variable whose observed value indicates whether an individual24

residing in region B is detected (Y = 1) or not (Y = 0) during incidental surveys of the25

region. I assume Yi|si ∼ Bernoulli(p(si)), which specifies a marked point-process model of26

(yi, si) (i = 1, . . . , n). However, the individuals detected in opportunistic surveys all have27
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the same mark (that is, Y = 1 for these individuals). Therefore, let M(B) denote a random1

variable for the number of individuals that are present and detected during opportunistic2

surveys of region B. It is easily shown that3

Pr(M(B) = m) = exp{−ν(B)}{ν(B)}m/m! (3)

where ν(B) =
∫
B
λ(s)p(s) ds and that M is a Poisson process resulting from an independent4

thinning of the original process N with probability 1 − p(s) (Møller and Waagepetersen,5

2004; Illian et al., 2008). It follows that ν(B) = E(M(B)) and that the joint density of m6

and the locations of individuals detected in the opportunistic surveys is7

h(s1, s2, . . . , sm,m) =
exp{−ν(B)}

m!

m∏
i=1

λ(si) p(si) (4)

where the first m of n locations are assumed to correspond to those of detected individuals1.8

Note that the integral required to compute ν(B) cannot be evaluated in closed form. In9

practice ν(B) is approximated as a Riemann sum by partitioning B into a sufficiently fine10

grid.11

The joint density of the observed data (i.e., (4)) may be used as a likelihood function12

L(β,α) for estimating the parameters β and α. In later sections I establish conditions13

required for identifiability of parameters based on this likelihood function.14

Detections of individuals in planned surveys15

Several survey protocols allow the abundance of imperfectly detected individuals to be16

estimated from data observed in spatial sample units. Examples of these protocols include17

double-observer surveys, removal surveys, and replicated point-count surveys (Royle and18

Dorazio, 2008, chapter 8). In practice the choice of protocol often depends on the species19

and on the methods used to detect or capture individuals.20

1The order of the n observations can be changed without loss of generality.
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Suppose one of these protocols is used to supplement the information obtained through1

opportunistic surveys. The idea is to select a representive sample of region B using a planned2

design and to survey individuals at each sample location using a protocol that is informative3

of both abundance and detectability. The number of locations in this sample usually will4

be small in comparison to the number of presence-only locations observed in opportunistic5

surveys. To illustrate this approach, I describe here a model of replicated point counts at6

each location, though any of the survey protocols mentioned earlier can be applied without7

loss of generality.8

For the purposes of sampling, assume that region B is partitioned into a finite number of9

disjoint sample units (e.g., quadrats, strip transects, etc.). Let C1, C2, . . . , CK denote a repre-10

sentative (but not necessarily random) sample of these units, and letA(C1), A(C2), . . . , A(CK)11

denote their areas. Under the assumptions of the SDM, the number N(Ck) of individual ac-12

tivity centers in sample unit Ck is a Poisson random variable with mean µ(Ck) =
∫
Ck
λ(s)ds.13

If the values of spatially varying regressors x(s) are constant within a sample unit, which is14

often true in practice, the Poisson mean may be expressed as a function of the area of the15

unit and the fixed value of the regressors x(Ck) as follows: µ(Ck) = A(Ck) exp{β′x(Ck)}.16

Thus, the expected number of individual activity centers in each sample unit increases with17

its area.18

Suppose Jk independent point-count surveys of individuals in unit Ck are completed19

during a period where the number of individuals present in Ck remains constant. Inde-20

pendence can be achieved by using different observers or methods of detection, or by al-21

lowing sufficient time to elapse between successive surveys. These surveys yield a vector22

yk = (yk1, yk2, . . . , ykJk)′ of counts that contains the number of individuals detected during23

each survey of unit Ck. Generally speaking, the number of individuals available to be de-24

tected in a sample unit depends on the locations of individual activity centers and on the25

spatial extent of individual movements about their activity centers. If the survey protocol is26

repeated over time, the number of individuals that are present and available to be detected27
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in a sample unit can be estimated (Chandler et al., 2011). However, for many species tem-1

poral replication of the survey protocol is often physically or logistically infeasible owing to2

sampling constraints. In the absence of such replication I assume that only individuals whose3

activity centers lie within a sample unit are available to be detected; thus, N(Ck) denotes a4

random variable for the number of individuals present and available to be detected in unit5

Ck. This assumption may not be valid for highly mobile species (large birds or mammals),6

but it will be satisified for species whose movements are more limited (plants, clams, some7

amphibians, small nesting birds, etc.).8

To specify the effects of imperfect detection on the observed point counts, I use the

product-binomial model proposed by Royle (2004):

Pr(Y k = yk|N(Ck) = nk) =

Jk∏
j=1

(
nk

ykj

)
p
ykj
kj (1− pkj)nk−ykj

where pkj is the conditional probability of detecting an individual given that it is present and9

available to be observed during the jth survey of sample unit Ck. The detection probability10

pkj may be specified as a function of unknown parameters and covariate measurements that11

differ among sample units or surveys. These covariates may include those used to model12

detections in opportunistic surveys, with the exception of the covariates used to specify13

effects of survey bias. The latter covariates are obviously unnecessary since the locations of14

sample units in planned surveys are prescribed by design. I assume here that pkj is a logit-15

linear function of unknown parameters γ and regressors v(Ck) whose values are constant16

within unit Ck: logit(pkj) = γ ′v(Ck). This function implies that the probability of detecting17

an individual during planned surveys can differ among sample units (i.e., spatially) but not18

among surveys within a unit.19

The unconditional probability of the point counts observed in sample unit Ck is obtained
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by marginalizing the joint density of nk and yk over the admissible values of nk as follows:

Pr(Y k = yk) =
∞∑

nk=max(yk)

exp{−µ(Ck)}{µ(Ck)}nk

nk!

Jk∏
j=1

(
nk

ykj

)
p
ykj
kj (1− pkj)nk−ykj

In practice, the infinite upper limit of summation is replaced with an integer that is suf-1

ficiently large to ignore the contributions of additional terms. A likelihood function for2

estimating the parameters β and γ from the point counts is3

L(β,γ) =
K∏
k=1

Pr(Y k = yk) (5)

which stems from the independence of abundances and counts among sample units. If two4

or more point counts are observed in each sample unit, the parameters of this model (β5

and γ) are identifiable (Royle, 2004). If only one point count is observed in each sample6

unit, the model’s parameters may be identifiable if some of the covariate measurements used7

as abundance regressors are distinct (or at least linearly independent) from the covariate8

measurements used as regressors of detection probability (Sólymos et al., 2012).9

Estimating SDMs from Detections of Individuals in Op-10

portunistic Surveys11

In this section I identify requirements for estimating SDMs using only presence-only12

observations. First, if detection probability p is assumed to be constant at all locations (that13

is, if α = α0 = logit(p)), then β0 and α0 are not identifiable and the SDM is not estimable.14
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This result is easily deduced from the log-likelihood function of this model’s parameters:1

log{L(β, p)} = −
∫
B

λ(s) p ds+
m∑
i=1

log{λ(si) p}

= −p
∫
B

exp{β0 + β̃
′
x̃(s)} ds+m{β0 + log(p)}+

m∑
i=1

β̃
′
x̃(si)

= − exp{β0 + log(p)}
∫
B

exp{β̃′x̃(s)} ds+m{β0 + log(p)}+
m∑
i=1

β̃
′
x̃(si)

where the β̃
′
x̃(s) corresponds to terms in the log-linear predictor of λ(s) that do not include2

β0. In this log-likelihood function the parameters β0 and p appear only as a sum (β0+log(p));3

therefore, only the sum of these parameters is identified, and unique estimates of β0 and p4

cannot be obtained.5

More generally, consider models of presence-only data that assume spatial variation in6

both λ and p. For these models the log-likelihood function is7

log{L(β,α)} = −
∫
B

λ(s)p(s) ds+
m∑
i=1

log{λ(si) p(si)} (6)

(= the logarithm of the right-hand side of (4), ignoring terms that don’t include parameters).

Mathematical proofs of parameter identifiability based on (6) are challenging because the

integral cannnot be evaluated in closed form and because neither the product of λ(s) and

p(s), which equals

λ(s)p(s) =
exp{β′x(s) +α′w(s)}

1 + exp{α′w(s)}
,

nor its logarithm can be expressed as a linear combination of β and α.8

One exception occurs when the probabilities of detecting individuals are relatively low9

(say, p(s) < 0.2) at all locations in B. In this case, λ(s)p(s)
.
= exp{β′x(s) + α′w(s)},10

so the parameters β0 and α0 occur only as a sum (β0 + α0) and again are not identifiable.11

Similarly, other elements of β and α are not identified when the regressors x and w are12

linearly dependent (Fithian and Hastie, 2013). This implies that in circumstances where p13
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is relatively low at all locations in B, the regressors of λ and p should include covariates that1

are distinct and not strongly correlated (either positively or negatively).2

To assess the identifiability of parameters more generally for models in which λ and p3

are assumed to vary among locations, I derived the Fisher information matrix I(θ) for log-4

likelihood function (6), where θ = (β′,α′)′. Recall that I(θ) equals the negative of the5

expected value of the Hessian matrix obtained by taking second partial derivatives of the6

log-likelihood function. If the Fisher information matrix has full rank (i.e., if I(θ) is positive7

definite and invertible), the parameters in θ are identifiable (Bowden, 1973). Therefore,8

parameter identifiability may be assessed by examining the condition number of I(θ), which9

equals the ratio of largest to smallest eigenvalues of this matrix.10

The elements of I(θ) cannot be expressed in closed form, but they can be evaluated11

for fixed values of the parameters (β and α) and the regressors (x and w) using numerical12

integration (see Appendix S1). The eigenvalues of I(θ) can then be calculated from these in-13

tegral approximations. If I(θ) is positive definite, all of its eigenvalues are positive; however,14

if I(θ) is positive semi-definite (not full rank), the ratio of smallest to largest eigenvalues15

(reciprocal of condition number) will be zero, though numerical evaluations of this ratio16

may not equal zero exactly. Therefore, this ratio provides a useful diagnostic for assessing17

whether the parameters of a SDM are identifiable.18

To illustrate the utility of the Fisher information matrix, I compared two different19

presence-only models. The SDM of both models was identical – a single spatially varying20

covariate (Figure 1, upper panel) was used to predict λ(s) as follows:21

log{λ(s)} = log(8000) + 0.5x(s) (7)

The covariate measurements were centered and scaled so that x had zero mean and unit22

variance. The two models of presence-only data differed in their specification of spatially23

varying detection probabilities. In one model a single covariate w (Figure 1, lower panel)24
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whose values were computed independently of x was used to predict p(s) as follows:1

logit{p(s)} = α0 − 1.0w(s) (8)

The covariate measurements were centered and scaled so that w had zero mean and unit2

variance. The parameter α0 was assigned values ranging from -5 to 5 so that detection3

probabilities at the average value of the covariate ranged from very low values (near zero) to4

very high values (near one). In the second model the covariate x, which was used to predict5

λ(s), also was used to predict p(s), that is6

logit{p(s)} = α0 − 1.0x(s) (9)

The values of α0 and α1 used in both models of detection probabilities were identical. The7

second model was intended to be representative of a worst-case scenario wherein the regres-8

sors of λ(s) and p(s) were perfectly correlated.9

Whereas the expected number of individuals detected in region B (ν(B)) increased from10

242 to 35,470 over the assumed range of α0 values, the difference in ν(B) between models for11

any single value of α0 was minor in comparison (Figure 2). In contrast, the ratio of smallest12

to largest eigenvalues of I(θ) signaled striking differences in the identifiability of these two13

models’ parameters. For example, regardless of the value of α0, the ratio of smallest to largest14

eigenvalues was nearly constant (approximately zero) when identical regressors were assumed15

for λ(s) and p(s) (Figure 2). For the other model, which assumed independent regressors, the16

ratio of smallest to largest eigenvalues was highest at α0 = 0 (corresponding to a detection17

probability of 0.5 at the average value of the covariate) and declined to approximately zero18

at extreme values of α0 (< −4 or > 4). The reason for this pattern is clear. At extreme19

values of α0, detection probabilities are nearly constant over B (i.e., p(s) is nearly zero (if20

α0 < −4) or one (if α0 > 4) at every location in B). At these extremes the parameters β021

and α0 are not identifiable and cannot be estimated uniquely, as established earlier.22
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This example illustrates that presence-only data may contain only limited information1

about the parameters of a SDM. If at least some of the regressors used to specify spatial2

differences in λ and p are not independent, SDMs will be unidentified. The parameters3

of SDMs also can be difficult to estimate if detection probabilities are either very small or4

very large at all locations. However, in these circumstances the ratio of smallest to largest5

eigenvalues of I(θ) provides a useful diagnostic. This ratio is also invariant to the magnitude6

of β0 (see Appendix S1) and is therefore relevant to the analysis of presence-only observations7

from populations of all sizes.8

Estimating SDMs from Detections of Individuals in Op-9

portunistic and Planned Surveys10

One way of overcoming the limited information in presence-only observations is to an-11

alyze these data in conjunction with the detections of individuals in planned surveys. A12

joint analysis of these two kinds of data leverages the spatial coverage of presence-only ob-13

servations, which is usually large, with the strength of information about abundance and14

detection in planned surveys.15

As an example of this approach, consider a joint analysis of presence-only data and16

replicated point-count survey data. The likelihood functions for these two data sets (i.e.,17

(4) and (5)) both include the parameter β, which determines the SDM. Observations in18

opportunistic and planned surveys are obtained independently, so these two data sets can19

be analyzed together using the following likelihood function:20

L(β,α,γ) = L(β,α)× L(β,γ) (10)

Estimates of β obtained by maximizing (10) should have less bias and greater precision21

than estimates obtained by maximizing either (4) or (5) separately. In this section I describe22
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simulation studies that illustrate the benefits of a joint analysis of data observed in oppor-1

tunistic and planned surveys. I designed the simulation studies to build upon the models2

of presence-only data described in the previous section and to demonstrate that addition3

of planned survey data (in this case, point counts) can reduce or eliminate the estimation4

problems induced by parameter unidentifiability.5

Design of simulation studies6

In the simulation studies presence-only data were simulated using the two models de-7

scribed earlier. That is, in both models λ(s) was specified as a function of x(s) using (7). In8

one model p(s) was specified as a function of w(s) (using (8)); in the other model p(s) was9

specified as a function of x(s) (using (9)). The parameter vector α was assigned the same10

value in both models: α = (−1,−1)′.11

The locations of individuals were simulated within a square region B using the covariate12

measurements shown in Figure 1. The spatial distribution of λ and of the expected densities13

of detections (one for each model) are shown in Figure 3. Based on these distributions, the14

expected number of individuals present in region B was 35,857, and the expected number15

of individuals detected in region B equaled either 11,251 (for the model where detection16

depended on w) or 7,922 (for the model where detection depended on x). Each simulated17

presence-only data set (i.e., the number and locations of detected individuals) was computed18

as a realization of a thinned Poisson process, as described earlier.19

To simulate observations from point-count surveys, region B was partitioned into a grid of20

10,000 square quadrats of equal size. Samples of K = 50, 100, 200, 400, or 800 quadrats were21

selected randomly (without replacement), and J = 4 independent point-count surveys were22

conducted in each of these quadrats. The sample sizes were deliberately chosen to be small23

(0.5 to 8% of the total number of quadrats) relative to the expected number of presence-only24

locations to simulate the usual situation where presence-only observations greatly outnumber25

the locations visited in planned surveys. The covariates of detectability were identical to26
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those used in the models of presence-only data – that is, v(C) =
∫
C
w(s)ds for one model, and1

v(C) =
∫
C
x(s)ds for the other model. The logit-scale detection parameters were identical2

in both point-count models: γ = (0,−1)′. Note that the parameters α1 and γ1 were assigned3

the same value to ensure that the effects of covariates on detection probability were the4

same regardless of whether an individual was encountered during an opportunistic survey or5

a planned survey.6

The spatial distributions of the expected number of individuals per quadrat and of the7

expected number of individuals detected per quadrat during a single survey are shown in8

Figure 4. The similarity between these distributions and those shown in Figure 3 is not9

surprising given the similarity in the detection probability models assumed for opportunistic10

and planned surveys. Each simulated set of point counts was computed by aggregating the11

realized locations of individuals in B into quadrats, by selecting a random sample of these12

quadrats, and by taking J independent binomial draws from the individuals present in each13

sampled quadrat. This sequence of steps produced J point counts for each sampled quadrat.14

A total of 1000 data sets containing both presence-only observations and point counts15

were simulated for each of the two models. Maximum-likelihood estimates of β (parameters16

of the SDM) were computed for each simulated data set by fitting the model of presence-17

only data (using (6)), the model of point counts (using (5)), and the model of combined data18

(presence-only observations and point counts) (using (10)). Operating characteristics of the19

estimators (such as bias and variance) were estimated from these simulation results and20

compared to illustrate the inferential benefits of including both presence-only observations21

and point counts in the analysis. Appendix S2 contains the R code (R Core Team, 2014)22

that was used to generate and analyze the simulated data sets.23

Results of simulation studies24

For the model in which detections of individuals depended only on covariate w, presence-25

only based estimators of β appeared to have negligibly small bias (Figure 5). When presence-26
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only observations and point counts were analyzed together, the uncertainty in estimates of1

β0 was reduced considerably, while uncertainy in the estimates of β1 was unchanged.2

Conspicuously different results were obtained for the model in which detections of indi-3

viduals depended on the same covariate used in the SDM (i.e., covariate x). For this model4

presence-only based estimators of β0 and β1 were strongly biased and highly variable (Fig-5

ure 6). This result was expected because the model’s parameters are not well identified, as6

established earlier. More surprising were the inferential benefits obtained by including point7

counts in the analysis. Adding point counts from as few as 50 quadrats (0.5% of the sample8

frame) to the analysis dramatically reduced the bias and the uncertainty in the estimates of9

β0 and β1. The estimators appeared to exhibit virtually no bias in point-count samples of10

200 or more quadrats.11

Additional simulation-based comparisons (not shown) using different values of β0 and12

J produced results that were qualitatively similar to those illustrated in Figures 5 and 613

– that is, bias and uncertainty of presence-only based estimators of SDMs can be reduced14

considerably by analyzing presence-only observations and point counts together in a single15

model. An important caveat, however, is that J = 4 replicate point-count surveys in each16

quadrat were required to achieve these inferential improvements. Bias and uncertainty of the17

presence-only based estimators of SDMs were not reduced if only J = 1 point-count survey18

was conducted per quadrat. The reason, of course, is that the parameters of the point-count19

model cannot be identified when J = 1 unless some of the covariate measurements used20

as abundance regressors are distinct (or at least linearly independent) from the covariate21

measurements used as regressors of detection probability (Sólymos et al., 2012).22

Discussion23

Several statistical models have been proposed for the analysis of presence-only data,24

but they have largely ignored the effects of imperfect detectability and survey bias (Dorazio,25
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2012; Lahoz-Monfort et al., 2014). In this paper I showed that the bias in estimates of SDMs1

induced by detection errors or survey bias can be reduced or eliminated by modeling presence-2

only data in conjunction with counts observed in planned surveys. In this modeling approach3

the SDM is specified using a spatial point process and the observable data (presence-only4

locations and counts) are specifed conditional on a realization of this process.5

If this approach is adopted but only the presence-only data are analyzed, the parameters6

of a SDM may not be identifiable. For example, if the probability of detecting an individual7

is identical at all locations, the parameters of a SDM are not identifiable. On the other hand,8

if detection probability differs among locations, the parameters of a SDM can be estimated9

if some of the regressors used to specify spatial differences in individual density are linearly10

independent of the regressors of detection probability. This restriction is similar to that11

identified by Fithian and Hastie (2013), who proposed a different thinned Poisson process12

model for the analysis of presence-only data. In practice, I showed that the condition number13

of the Fisher information matrix (Appendix S1) can be used to assess the identifiability of a14

model’s parameters.15

The simulation study I conducted illustrates how including counts from planned surveys16

in the analysis of presence-only data generally improves inferences about the parameters of17

a SDM. In this way a relatively small amount of high-quality data – which are informative18

of both detection and abundance of individuals – can be used to leverage the information in19

presence-only observations. This approach follows a recommendation of Phillips and Elith20

(2013) that additional data be collected if estimates of absolute species occurrences are21

desired.22

Several benefits, both conceptual and practical, stem from using a point-process model23

as a SDM. As shown earlier, the parameters of a point-process model are defined on an areal24

basis and are invariant to spatial scale; thus, predictions may be computed for any summary25

of the spatial distribution of individuals within the region of interest. For example, under26

the assumptions of the Poisson process model that I described, the expected abundance27
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E(N(C)) and occurrence Pr(N(C) > 0) of individuals in any subregion C ⊂ B are defined1

implicitly as follows:2

E(N(C)) = µ(C)

Pr(N(C) > 0) = 1− exp{−µ(C)}

where µ(C) =
∫
C
λ(s)ds is a function of the model’s parameters β and the values of the3

spatially varying regressors x in C. Phillips and Elith (2013, page 1411) assert that the4

Poisson process model cannot be used to estimate the probability of presence, which equals5

Pr(N(C) > 0). That claim is obviously incorrect. Furthermore, by defining occurrence prob-6

ability as a function of µ(C), any prediction of occurrence probability increases automatically7

with an increase in the area of subregion C. This property is not shared by models of occur-8

rence, such as Maxent, where occurrence probability is defined per grid cell and depends on9

the spatial resolution used in the analysis (Renner and Warton, 2013). For the same reason10

conventional site-occupancy models (MacKenzie et al., 2002; Tyre et al., 2003) are limited11

for use as SDMs – that is, the interpretation of occurrence probability in site-occupancy12

models depends on the spatial resolution used in the analysis. Because of this limitation,13

Efford and Dawson (2012) suggested that site-occupancy models be modified to account for14

spatial resolution and for the movements of individuals within their home ranges.15

One practical benefit of using a point-process model as a SDM is that it clarifies how16

the location-specific measurements and interpolations of the covariates should be used in the17

analysis. In the SDM literature the number and spatial resolution of covariate measurements18

and interpolations needed in statistical analyses of presence-only data have been subjects of19

considerable debate (Pearce and Boyce, 2006; Guisan et al., 2007; Elith and Leathwick, 2009;20

Barbet-Massin et al., 2012). However, as Warton and Shepherd (2010) and I have shown,21

the role of the covariate values is clear when using a point-process model as a SDM. Both22

measured and interpolated values of covariates over the entire region of interest B are used23
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when B is partitioned to approximate the integral in the likelihood function as a Riemann1

sum. The spatial resolution required for accurate approximation is easily determined by2

increasing the resolution until the maximized value of the likelihood function stabilizes.3

In this paper I used a model of point counts to illustrate the benefits of adding infor-

mation from planned surveys to the analysis of presence-only data. Similarly, information

from alternative sampling protocols, such as double-observer sampling, removal sampling, or

even capture-recapture sampling, can be used to improve the analysis of presence-only data.

These counts are then modeled conditional on the latent (unobserved) abundance of individ-

uals within a unit (say, Ck). This idea is an extension of Royle’s (2004) N -mixture model of

point counts and has been used to analyze many kinds of spatially-referenced counts (Royle

and Dorazio, 2008, chapter 8). The key is to exploit the variation in abundance among

sample units and to specify the effects of each unit’s size, location, and habitat character-

istics in the model of abundance. If abundance within sample units is not too high, this

approach also can be applied using a site-occupancy survey protocol. For example, suppose

Jk (> 1) independent presence-absence surveys are conducted in unit Ck. Let Zkj denote

a binary random variable whose observed value indicates whether one or more individuals

were detected (Zkj = 1) or not (Zkj = 0) during the jth survey of sample unit Ck. As with

conventional site-occupancy models, Zkj is modeled conditional on the latent presence of

individuals in unit Ck as follows:

Zkj|N(Ck) = nk ∼ Bernoulli(qjk I(nk > 0))

where qkj is the conditional probability of detection during the jth survey given that one or

more individuals are present in unit k. (I(e) denotes the indicator function, which equals

one if Boolean argument e is true and zero if e is false.) Unlike conventional site-occupancy

models, the probability of occurrence in unit Ck (say, ψ(Ck)) is automatically scaled for

the size of the sample unit because ψ(Ck) = Pr(N(Ck) > 0) = 1 − exp{−µ(Ck)} and
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µ(Ck) =
∫
Ck
λ(s)ds increases with the area of Ck. The parameters of this site-occupancy

model are therefore invariant to spatial scale. An alternative approach (proposed by Royle

and Nichols (2003)) is to specify a model wherein detection probability qjk is assumed to

increase with abundance nk as follows: qkj = 1 − (1 − pkj)nk . The estimable parameter pjk

is the probability of detection per individual during the jth survey. In this approach Zkj is

modeled conditional on the latent abundance of individuals in unit Ck as follows:

Zkj|N(Ck) = nk ∼ Bernoulli(1− (1− pkj)nk)

This site-occupancy model is closely related to Royle’s (2004) model of point counts. In fact,1

the two models provide mathematically equivalent estimators of site occupancy (Dorazio,2

2007).3

Conclusions and recommendations4

Estimates of SDMs obtained in analyses of presence-only data are vulnerable to biases5

induced by detection errors and survey bias. These biases can be reduced or eliminated6

by (1) including covariates of detection and survey bias in the presence-only model and7

(2) analyzing counts observed in planned surveys in conjunction with the presence-only8

data. These planned surveys must include a sampling protocol that is informative of both9

abundance and detectability. For some protocols (double-observer, removal, or capture-10

recapture sampling) this requirement is implied; in others (independent point counts or11

presence-absence samples) two or more replicates are needed at each survey location to12

obtain multiple observations of the individuals present at each location.13

The benefits of of planned surveys in species distribution modeling may depend on the14

species. For example, planned surveys of highly mobile species (large birds and mammals)15

can be problematic if movements of individuals make them available to detection in more16

than one sample unit. Combining presence-only data with observations in planned surveys17

23



is more likely to benefit species whose movements are more limited relative to the size of a1

sample unit.2

Extensions of SDMs3

The hierarchical model developed in this paper can be extended to address a variety of4

inference problems in species distribution modeling. For example, several authors (Guisan5

and Thuiller, 2005; Goodsoe and Harmon, 2012; Higgins et al., 2012; Kissling et al., 2012;6

Wisz et al., 2013) have noted that biological interactions between individuals (e.g., com-7

petitive or predator-prey interactions) should be included in SDMs along with the effects8

of spatially varying habitat characteristics. Spatial point-process models have been used9

to infer the effects of competitive interactions within and among species of plants or ants10

(Högmander and Särkkä, 1999; Wiegand et al., 2007a,b; Grabarnik and Särkkä, 2004), but to11

my knowledge point-process models have not been formulated to specify the effects of these12

interactions mechanistically. Doing so, while accounting for species- and location-specific13

differences in detectability and survey bias, will no doubt present challenges for the analyst.14

Another important class of inference problems requires the construction of dynamic (i.e.,15

space-time) point-process models. Much of the SDM literature is limited to the construction16

of static (purely spatial) models, but the need for dynamic, process-based models is clearly17

evident and growing (Guisan and Thuiller, 2005; Elith and Leathwick, 2009; Dormann et al.,18

2012). Models are needed to predict changes in the spatial distribution of species due to19

changes in climate, habitat, levels of disturbance, and abundance of non-indigenous species.20

Point-process models are needed also to predict changes in the spatial distribution of exotic21

species following their initial introduction to a region of interest. Considerable data may22

be required to fit these dynamic models, but recent progress with invasive plant species23

(Balderama et al., 2012) illustrates the feasibility of this approach. I anticipate that the24

construction of point-process models driven by scientific needs and biological mechanisms25

will greatly enhance the inferences and predictions of future SDMs.26
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Cabeza, M., Araújo, M. B., Wilson, R. J., Thomas, C. D., Cowley, M. J. R., and Moilanen,15

A. (2004). Combining probabilities of occurrence with spatial reserve design. Journal of16

Applied Ecology, 41:252–262.17

Chakraborty, A., Gelfand, A. E., Wilson, A. M., Latimer, A. M., and Silander, J. A. (2011).18

Point pattern modelling for degraded presence-only data over large regions. Applied Statis-19

tics, 60:757–776.20

Chandler, R. B., Royle, J. A., and King, D. I. (2011). Inference about density and temporary21

emigration in unmarked populations. Ecology, 92:1429–1435.22

25
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Figure 3: Spatial distributions of expected density of individuals (upper panel) and of ex-
pected densities of detections in opportunistic surveys as a function of covariate w (middle
panel) or covariate x (lower panel). Superimposed points indicate a single realization from
each distribution.
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Figure 4: Spatial distributions of expected number of individuals per sample unit (upper
panel) and of expected number of individuals detected per survey as a function of covariate
w (middle panel) or covariate x (lower panel).
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Figure 5: Operating characteristics of maximum-likehood estimators of the species distri-
bution model parameters β0 and β1. Detections of individuals were assumed to depend on
covariate w, which was independent of the covariate used in the SDM. Symbols indicate that
estimates were obtained by fitting the model of presence-only data (triangles), the model of
point counts (circles), or the model of combined data (squares). Error bars indicate 95%
confidence intervals.
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Figure 6: Operating characteristics of maximum-likehood estimators of the species distri-
bution model parameters β0 and β1. Detections of individuals were assumed to depend on
covariate x, which was identical to the covariate used in the SDM. Symbols indicate that
estimates were obtained by fitting the model of presence-only data (triangles), the model of
point counts (circles), or the model of combined data (squares). Error bars indicate 95%
confidence intervals.
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